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We study open quantum systems where the coupling between the system and its environment is
of a quantum nondmolition (QND) type. Such a system undergoes decoherence without dissipation
of energy. We obtain the master equation for the evolution of such a system under the influence of a
squeezed thermal bath. From the master equation it can be seen explicitly that the process involves
decoherence without any dissipation. We work out the decoherence causing term in the high and
zero temperature limits and show that they match with known results in the different temperature
regimes for the case of a thermal bath. We also make a comparison between the quantum statis-
tical properties of QND and non-QND (i.e., involving decoherence as well as dissipation) types of
evolution.
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I. INTRODUCTION
The concept of ‘open’ quantum systems is a ubiquitous one in that any system can be thought of as being not
isolated but being surrounded by an environment which should effect its dynamics. Caldeira and Leggett [1] used
the Influence Functional approach developed by Feynman and Vernon [2] to discuss quantum dissipation via the
paradigm of quantum brownian motion (QBM), a very important model depecting the features of quantum open
systems. They discussed the situation where the system and its environment were initially uncorrelated. This was
extended to situations where the system and its environment were initially correlated by Hakim and Ambegaokar [3],
Smith and Caldeira [4], Grabert, Schramm and Ingold [5], Banerjee and Ghosh [6] among others. Haake and Reibold
[7], Hu, Paz and Zhang [8] obtained an exact master equation for a general spectral density of the bath (environment
or reservoir).
Here we wish to study open quantum systems where the coupling between the system and its environment is of a
quantum non-demolition (QND) type [9, 10, 11, 12, 13, 14]. Such a system undergoes decoherence without dissipation
of energy [15, 16, 17]. A study of such systems would be worthwhile because it has been suggested [18] that using
QND measurement schemes one may be able to surpass the standard quantum limit of phase measurement and reach
the Heisenberg limit. We also wish to make a comparison between the quantum statistical mechanics of the QND
and dissipative, both the Lindblad and QBM, types of evolution [8, 19, 20, 21, 22].
In Section 2 we will obtain the master equation for a system interacting with its environment by a QND type of
coupling. The bath is taken to be initially in a squeezed thermal state and we use separable initial conditions. An
advantage of using a squeezed thermal bath is that the decay rate of quantum coherences can be suppressed leading
to preservation of nonclassical effects [23]. It has also been shown to modify the geometric phase of two-level quantum
systems [24]. In Section 2A, we take up the case of a bosonic bath of harmonic oscillators and in Section 2B, we take
up the case of a bath of two-level systems. In Section 3, we analyze the term causing decoherence (for the case of a
bosonic bath of harmonic oscillators) in the master equation obtained in Section 2A and explicitly solve it for the case
of high-temperature (T ) and for the zero-T case. We then setup a ‘quantitative’ measure of coherence and construct
from it, the linear entropy S(t), which is studied for the zero as well as the high-T cases. In Section 4, the quantum
statistical mechanical properties underlying the QND and dissipative processes are studied on a general footing for a
two-level atomic system (Section 4A) and a harmonic oscillator system (Section 4B). In Section 4A, the dissipative
process is taken to be that generated by a standard Lindblad equation while in Section 4B, the model studied is that
of QBM. In Section 5 we make our conclusions.
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2II. MASTER EQUATION
Here we present the master equation for a system interacting with its environment by a coupling of the QND type
where the environment is a bosonic bath of harmonic oscillators. We also take up the case where the environment is
composed of a bath of two-level systems.
A. Bath of Harmonic Oscillators
We consider the Hamiltonian



















Here HS , HR and HSR stand for the Hamiltonians of the system, reservoir and system reservoir interaction re-
spectively. The last term on the right hand side of Eq. (1) is a renormalization inducing ‘counter term’. Since
[HS , HSR] = 0, (1) is of QND type.









ρ(0) = ρs(0)ρR(0), (3)
i.e., we assume separable initial conditions. In order to obtain the reduced dynamics of the system alone, we trace

































































































































































θk = (Em − En)
gk
h¯ωk
(eiωkt − 1), (16)
and ρR(0) is as in Eq. (5).







































∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)ei2Φk ∣∣2
]
. (17)
Here we have used the following relation beween squeezing and displacement operators:
Sˆ†(rk,Φk)Dˆ(θk)Sˆ(rk,Φk) = Dˆ
(






































∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)ei2Φk ∣∣2
]
ρsnm(0). (19)
4Differentiating Eq. (19) with respect to time we obtain the master equation giving the system evolution under the

































)∣∣(eiωkt − 1) cosh(rk) + (e−iωkt − 1) sinh(rk)ei2Φk ∣∣2 . (22)
For the case of zero squeezing, r = Φ = 0, and γ(t) (22) reduces to the expression obtained earlier [15, 16, 17] for the
case of a thermal bath. It can be seen that η(t) (21) is independent of the bath initial conditions and hence remains
the same as for the thermal bath. Comparing the master equation obtained for the case of a QND coupling to the bath
(20) with the master equation obtained in the case of QBM as in [19, 20, 21], where the master equation was obtained
for the QBM of the system of a harmonic oscillator in a squeezed thermal bath, we find that the term responsible for
decoherence in the QND case is given by γ˙(t). It is interesting to note that in contrast to the QBM case, here there is
no term governing dissipation. Also missing are the various other diffusion terms, i.e., those responsible for promoting
diffusion in p2 and those responsible for diffusion in xp+ px, the so called anomalous diffusion terms. Also note that
in the exponent of the third exponential on the right hand side of Eq. (19), responsible for the decay of coherences,
the coefficient of γ(t) (22) is dependent on the eigenvalues En of the “conserved pointer observable” operator which
in this case is the system Hamiltonian itself. This reiterates the statement that the decay of coherence, in a system
interacting with its bath via a QND interaction, depends on the conserved pointer observable and the bath coupling
parameters [16].
B. Bath of two-level systems
Our main thrust in this paper is towards a bosonic bath of harmonic oscillators. However, here we also briefly
takeup the case of a bath of two-level systems, also considered in [15], which illustrates in a transparent manner the
difference between a bath of harmonic oscillators and that of two-level systems. The Hamiltonian considered is








Since [HS , HSR] = 0, the Hamiltonian (23) is of a QND type. Starting from the unitary evolution of the entire closed























Using the properties of the σz, σx matrices it can be seen that
eiOˆk(Em)t = cos (ω′k(Em)t) +
i sin (ω′k(Em)t)
ω′k(Em)












































(ωkσzk + EmCkσxk). (28)
Using (28) in (24), it can be seen that only the first two terms on the right-hand side of Eq. (28) contribute and the























as also obtained by Shao et al. [15]. We can see from Eq. (29) that the reduced density matrix of the system is
independent of the temperature and squeezing conditions. This brings out the intrinsic difference between a bosonic
bath of harmonic oscillators and a bath of two-level systems.
III. DECOHERENCE CAUSING TERM
In this section we will examine in detail the term γ(t) (Eq. (22)). This is the term whose time derivative is
what is called the decoherence causing term as is evident from the master equation (20). To proceed we assume a



















In the limit ωct ≫ 1, tan
−1(ωct) −→
pi
2 and η(t) −→ −
γ0
2 . Now we evaluate γ(t) given in (22) for the squeezed
thermal bath for the cases of zero-T and high-T .
T = 0:










1 + 4ω2c (t− a)
2
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sinh(2r) ln(1 + 4a2ω2c ) (33)
where t > 2a. Here we have for simplicity taken the squeezed bath parameters as
cosh (2r(ω)) = cosh(2r), sinh (2r(ω)) = sinh(2r),
Φ(ω) = aω, (34)








FIG. 1: γ˙(t) (Eq. (35)) as a function of time t for different environmental conditions. Here γ0 = 0.1, ωc = 50, a = 0 and temperature T (in units
where h¯ ≡ kB ≡ 1) = 0. The dashed and the solid curves correspond to squeezing parameter (34) r = 0, 0.4, respectively.























We can see from the above equation that in the long time limit, γ˙(t) −→ γ0pit cosh(2r) and the terms propotional to










because of the slow logarthmic behavior.











ln(1 + ω2c t










= constant, again because of slow logarithmic behavior.
High T :

























1 + ω2c (t− 2a)
2
]2




















FIG. 2: γ˙(t) (Eq. (41)) as a function of time t for different environmental conditions. Here γ0 = 0.1, ωc = 50, a = 0 and temperature T (in units
where h¯ ≡ kB ≡ 1) = 300. The dashed and the solid curves correspond to squeezing parameter (34) r = 0, 0.4, respectively.

































Figure 1 depicts the behavior of the decoherence causing term , γ˙(t) (Eq. (35)), for T = 0 while Figure 2 depicts
its behavior for high-T (Eq. (41)), with and without bath squeezing indicated by the parameter r. A comparison
between the two clearly indicates the power law behavior of the decay of coherences at T = 0 and an exponential








Now we set up a ‘quantitative’ measure of coherence following [15] as
C(t) ≡ Tr [ρs(t)]
2
. (43)


















FIG. 3: Linear entropy S (t) (Eq. (46)) as a function of time t for different environmental conditions. Here γ0 = 0.1, ω = 1, ωc = 50, a = 0,
|α|2 = 5 and temperature (in units where h¯ ≡ kB ≡ 1) T = 0, i.e., using Eq. (33). The large-dashed, small-dashed and the solid curves correspond
to squeezing parameter (34) r = 0,−0.3, 0.4, respectively.








where γ(t) is as in (22).





= I − C(t). (46)
It is easy to see that S(t) = 0 for a pure state and 1 for a completely mixed state. S(t) is plotted in Figures (3)
and (4) for a harmonic oscillator system starting out in a coherent state |α〉 [26], for temperature T = 0 and 300,
respectively, for various values of environmental squeezing parameter r.
T = 0:















1 + 4ω2c(t− a)
2
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Here we have in addition taken the situation where ωct≫ 1 which is an experimentally accessible domain of time.
This agrees with the result obtained in [15]. It can be seen from Eqs. (47) and (48) that coherences follow the ‘power
law’ for T = 0.
High T :
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2 4γ0kBT
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FIG. 4: Linear entropy S (t) (Eq. (46)) as a function of time t for different environmental conditions. Here γ0 = 0.1, ω = 1, ωc = 50, a = 0,
|α|2 = 5 and temperature (in units where h¯ ≡ kB ≡ 1) T = 300 , i.e., making use of Eq. (38). The solid , small-dashed and large-dashed curves
correspond to squeezing parameter (34) r = 0,−0.5, 2, respectively.
×
[
cosh(2r) tan−1(ωct)− sinh(2r) tan
−1 (2ωc(t− a))
+ sinh(2r) tan−1 (ωc(t− 2a))
]





tan−1 (2ωc(t− a))− 2 tan
−1 (ωc(t− 2a))− tan
−1 (2aωc)
]}
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It can be seen from (49) that in the high-T case the measure of coherence involves exponential as well as power law



















We can see from (50) that in the high-T limit, the behavior of the coherences is predominatly exponential. In the














By comparing the Figures (3) and (4), it is evident that at T = 0 (Figure 3), the coherences stay for a longer time
characterizing the power-law decay as opposed to the high-T case (Figure 4), where the exponential decay causes the
coherences to diminish over a much shorter period of time. Also evident is the effect of bath squeezing, characterized
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by the parameter r, on the coherences in the two temperature regimes. While in the zero-T case, the effect of squeezing
remains over a longer period of time, in the high-T case it diminishes quickly. In this its behavior is similar to that of
QBM of a harmonic oscillator system [20, 21], where a similar tendency (at high-T ) is observed. Another interesting
feature that comes out is that in the zero-T regime (Figure 3), by suitably adjusting the bath squeezing parameter r,
the coherence in the system can be improved over the unsqueezed bath, as seen by comparing the small-dashed curve
with the large-dashed one, representing the bath squeezing parameter (34) r = −0.3 and 0, respectively. This clearly
brings out the utility of squeezing of the thermal bath.
IV. A COMPARISON OF THE QND AND NON-QND EVOLUTIONS AND PHASE DIFFUSION IN
QND
In this section we make a comparison between the processes underlying the QND and non-QND (i.e., where
[HS , HSR] 6= 0) type of evolutions and briefly consider the question of phase diffusion in QND evolutions.
A. Two Level System





where σZ is the usual Pauli matrix. The Hamiltonian HS (52), substituted in Eq. (1), was used by [27, 28, 29], in
the context of quantum computation. In order to study its reduced density matrix under a QND system-reservoir
interaction, i.e., using Eq. (19), we need to identify an appropriate system eigenbasis. Here this is provided by the
Wigner-Dicke states [30, 31, 32] |j,m〉, which are the simultaneous eigenstates of the angular momentum operators
J2 and JZ , and we have
HS |j,m〉 = h¯ωm|j,m〉
= Ej,m|j,m〉, (53)




2 . Using this in Eq. (19)























2γ(t) sin2( θ02 )
)
, (55)
from which the Bloch vectors can be extracted to yield
〈σ1(t)〉 = sin(θ0) cos(ωt+ φ0)e
−(h¯ω)2γ(t),
〈σ2(t)〉 = sin(θ0) sin(ωt+ φ0)e
−(h¯ω)2γ(t),
〈σ3(t)〉 = cos(θ0). (56)
Here γ(t) is as in Eqs. (33), (38) for zero or high-T , respectively. It can be easily seen from the above Bloch vector
equations that the QND evolution causes a coplanar, fixed by the polar angle θ0, inspiral towards the σz axis of the
Bloch sphere. This is the characteristic of a phase damping channel [33].
Next we study the reduced dynamics of the system (52) interacting with a squeezed thermal bath under a weak
Born-Markov, rotating wave approximation. This implies that here the system interacts with its environment via
a non-QND interaction such that along with a loss in phase information, energy dissipation also takes place. The
evolution has a Lindblad form which in the interaction picture is given by [22, 26]
d
dt











































where Nth is the Planck distribution giving the number of thermal photons at the frequency ω and r, Φ are squeezing
parameters. The analogous case of a thermal bath without squeezing can be obtained from the above expressions by
setting these squeezing parameters to zero. Also γ0 is a constant typically denoting the system-environment coupling
strength and σ+, σ− are the standard raising and lowering operators, respectively given by
σ+ = |1〉〈0| =
1
2
(σ1 + iσ2) ,
σ− = |0〉〈1| =
1
2
(σ1 − iσ2) . (61)
In the above equation we use the nomenclature |1〉 for the upper state and |0〉 for the lower state and σ1, σ2, σ3 are
the standard Pauli matrices. Evolving the system HS from the initial state given in Eq. (54), using Eq. (57), we
















































a = sinh(2r)(2Nth + 1). (63)












. For the case of zero squeezing and temperature (T ), this action corresponds to an amplitude
damping channel [24, 33] with the Bloch sphere shrinking to the point representing the state |0〉 (the Bloch sphere
south pole) while for the case of finite T , but zero squeezing the above action corresponds to a generalized amplitude
damping channel [24, 33] with the Bloch sphere shrinking to a point along the line joining the south pole to the centre
of the Bloch sphere. The centre of the Bloch sphere is reached in the limit of infinite temperature.
The above analysis brings out the point that while the case of the QND system-environment interaction corresponds
to a phase damping channel, the case where the evolution is non-QND, in particular where the evolution is generated





































FIG. 5: Effect of QND and dissipative interactions on the Bloch sphere. Figure (A) illustrates the full Bloch sphere, while the Figure (B) illustrates
the Bloch sphere after time t = 20, with γ0 = 0.2, T = 0 and squeezing parameter (34) r = a = 0.5, evolved under a QND interaction (Eq. (56)).
The Figures (C) and (D) describe the effect of the Born-Markov type of dissipative interaction (Eq. (62)) with γ0 = 0.6 and temperature T = 5,
on the Bloch sphere. In these figures, the x − y axes are interchanged to present the effect of squeezing more clearly. Figure (C) corresponds to
r = 0.4, Φ = 0 and t = 0.15 while Figure (D) corresponds to r = 0.4, Φ = 1.5 and t = 0.15
bath squeezing). This brings out in a very transparent manner the difference in the quantum statistical mechanics
underlying the two processes. While in the case of QND interaction, the system tends towards a localized (along the
σz axis) state, for the case of non-QND interaction, the system tends towards a unique aymptotic equilibrium state,
which would be pure (for T = 0) or mixed (for T > 0). This can be seen from the Figure (5) where the effect of the
environment on the initial Bloch sphere (Figure (5A)) is brought out. Figure (5B) depicts the evolution under a QND
system-environment interaction (Eqs. (56)) while Figures (5C) and (5D) depict the evolution under a dissipative
system-environment interaction (Eqs. (62)). While Figure (5B) clearly shows a tendency of localization along the σz
axis, the Figures (5C) and (5D) illustrate the tendency of going towards a unique asymptotic fixed point. In Figure
(5D), the presence of a finite Φ (59) is manifested in the tilt in the figure.
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B. Harmonic oscillator System








The Hamiltonian HS (65), substituted in Eq. (1), has been used by Turchette et al. [34] to describe an experimental
study of the decoherence and decay of quantum states of a trapped atomic ion’s harmonic motion interacting with an














and substituting (65) in (66) we obtain the master equation for a harmonic oscillator coupled to a bosonic bath of
harmonic oscillators by a QND type of coupling as
ρ˙s = −iω[a†a, ρs] + ih¯2ω2η˙(t)
[




(a†a)2ρs − 2a†aρsa†a+ ρs(a†a)2
]
. (67)














































































To compare (70) with the equation obtained in the case of QBM, of the system of a harmonic oscillator interacting


















































ρs(x, x′, t). (71)
Here Γ(t) is the term responsible for dissipation, Dpp(t) for decoherence, and the terms Dxx(t) and Dxp(t), Dpx(t)
are responsible for promoting diffusion in p2 and xp+ px, respectively. The details of these coefficients of the master
equation (71) can be found in [20, 21]. Here the coordinate representation of the density matrix has been used in
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contrast to the energy representation in (20). Comparing (71) with (20) we find that the QND coupling of the system
with the environment makes the quantum statistical mechanics of the evolution much simpler. As already noted below
Eq. (22), a comparison between (20) and (71) shows that in the QND case there is a decoherence governing term
(γ˙(t)) but no term responsible for dissipation. In contrast, the QBM case has dissipation and a number of diffusion
channels as seen by the existence of the diffusion terms Dxx(t), Dxp(t) +Dpx(t) and Dpp(t).
Since Eq. (71) was also obtained for a harmonic oscillator system (cf. (65)), we proceed as before and obtain its

































































































































































































































The much more complicated form of (73) compared to (70) reflects upon the fact that QBM is a more complicated
process than QND as well as the fact that in the QND case, the master equation (20) was obtained in the system
energy basis which is more compatible to simplification in the Q representation (which is propotional to the diagonal
elements of the density matrix in the coherent state basis) than the coordinate representation in which the QBM
master equation (71) was obtained.
We will now analyze Eq. (70) to gain some insight into the process of phase diffusion in the case of a harmonic
oscillator system coupled to its bath via a QND type of coupling. We take the long time limit. In this limit η˙(t) −→ 0
(cf. remark below (32)). We analyze the equation for the zero and high temperature cases.
15
T = 0:







which has the solution




where λ is a constant. Eq. (74) does not have the form of a standard diffusion equation in phase space (there is a
drift term but no diffusion term).
High T :
In the long time limit, η˙(t) −→ 0 and γ˙(t) −→ γ0kBTh¯ cosh(2r) (as can be inferred from Eq. (41) and Figure (2)).










This has the elementary solution























Eq. (76) has the form of a time-dependent diffusion on a circle. It does not have the form of a pure diffusion
because of the presence of an additional Kerr like term in the master equation (67). A form similar to this arises
in the phase diffusion model for the phase fluctuations of the laser field in a situation where the laser is operated
far above threshold for the amplitude fluctuations to be ignored [26]. Then the phase fluctuations due to random
spontaneous emissions can be modelled as a one dimensional random walk along the angular direction. In this sense
it could be said that the QND Hamiltonian describes diffusion of the quantum phase [35] of the light field. From Eq.
(76) it is evident that the diffusion coefficient is dependent on temperature T and the reservoir squeezing parameter
r. In the high temperature and long time limits the dynamical behavior is that of a quantum mechanical system
influenced by an environment that is modelled by a classical stochastic process, a situation that was studied in [17].
That this is not so for the zero-T case suggests that a zero-T open quantum system cannot be simulated, even in the
long time limit, by a classical stochastic bath.
V. CONCLUSIONS
In this paper we have studied the evolution of a system under the influence of its environment where the coupling
of the system to its environment is of the QND type. We obtained the master equation for the evolution of the system
under the influence of a squeezed thermal bath and made comparisons with the analogous case where the coupling
was of a non-QND type.
In Section 2 we obtained the master equation for the system evolving under the influence of its environment
with which it is coupled via a QND type of coupling. We took up the cases where the environment was modelled
as a bosonic bath of harmonic oscillators in a squeezed thermal initial state and also where the environment was
modelled as a bath of two-level systems. In Section 2A from the QND structure of the master equation of the system
under the influence of a squeezed thermal bath we found that though there is a term governing decoherence, there
is no dissipation governing term which consolidates the statement that such systems undergo decoherence without
16
dissipation of energy. For the case where there is no squeezing in the bath, our results reduced to those obtained
in [15, 16, 17] for the case of a thermal bath. In Section 2B the reduced density matrix of the system interacting
with a bath of two-level systems via a QND type of coupling was found to be independent of temperature [15] and
squeezing conditions. This brings out an intrinsic difference between a bosonic bath of harmonic oscillators and a
bath of two-level systems.
In Section 3 we analyzed the term responsible for decoherence in the master equation, obtained in Section 2A, for
the QND evolution of the system under the influence of a squeezed thermal bath. We evaluated it for the cases of
zero and high temperatures and also obtained its long time limit for both cases. A study of the linear entropy Slin(t),
which is an indicator of the coherences in the reduced density matrix of the system, clearly revealed that in contrast
to the high-T case, where the effect of the squeezing in the bath is quickly washed out and the system looses coherence
over a very short time scale, in the zero-T case, the coherences are preserved over a longer period of time and the
squeezing in the bath can actually be used to improve the coherence properties of the system.
In Section 4 we made a comparison between the quantum statistical mechanical processes of QND and non-QND type
of system-environment interactions for the system of a two-level atom (Section 4A) and a harmonic oscillator (Section
4B), in a squeezed thermal bath. It was seen in Section 4A that whereas the action of the QND system-environment
interaction tended to localize the system along the σz axis indicative of, in the parlance of quantum information
theory, a phase damping channel [33], the non-QND interaction (epitomized here by the Lindblad equation Eq. (57))
tended to take the system towards a unique asymptotic fixed point, which for the case of zero bath squeezing would be
indicative of the (generalized) amplitude damping channel [33]. In Section 4B, we converted the master equations to
the Q representations and then used polar coordinates. This brought about in a very general manner the differences
in the quantum statistical mechanical processes involved in QND and QBM. The QBM process was found to be
much more involved than the QND one in that it contained in addition to the decoherence and dissipation terms a
number of other diffusion terms. We then took up the QND equation and analyzed it in the long time limit for the
cases of zero and high temperatures. We found that while in the high-T case the situation can be modelled as a
quantum mechanical system influenced by a classical stochastic process, it is not so for the zero-T case. The high-T
Q equation resembled the equation of phase diffusion on a circle which would suggest a connection between quantum
phase diffusion and QND evolution [36].
In this paper we have studied the process of QND evolution of a system under the influence of its environment
and made a comparison between the quantum statistical properties of QND and non-QND types of open system
evolutions.
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